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The catalytic hydrogenation of vaporized �-methylstyrene (AMS) and 1-octene under external transfer
control is tested by different interphase mass transfer approaches. The previously reported experimental
data on temperature measurements in the single-pellet reactor and the new experimental data in a fixed-
bed reactor are analyzed theoretically. The independent diffusion (Fick) approach absolutely failed to fit
the experiments. Three methods that take into account multicomponent diffusion (and are based on the
as-phase hydrogenation of hydrocarbons
ulticomponent diffusion

xternal mass and heat transfer
axwell–Stefan equations

ilm model

Maxwell–Stefan equations) give close results and agree well with the experimental data. Nevertheless, for
hydrogenation (or dehydrogenation) of vaporized hydrocarbons the pseudo-binary approach considered
in this study is recommended. It is very simple to use even in a case of complex mixture of hydrocar-
bons and/or several hydrogenation reactions, when general approaches demanded cumbersome matrix
operations. Another more fundamental advantage of the pseudo-binary treatment is that the usage of
traditional empirical correlations Sh(Re, Sc), Nu(Re, Pr) for gas–solid transfer (which, as a rule, are based
on the Chilton–Colburn analogy) gets the solid theoretical background.
. Introduction

Many of chemical processes involve heterogeneous hydrogena-
ion of hydrocarbons in a fixed catalytic bed. Hydrogenation
eactions are characterized by high heat effects and fast intrinsic
inetics that results in an important impact of the external transfer,
specially if hydrocarbons are vaporized [1–3], as in the gas-phase
eactors with a bundle of externally cooled tubes or in trickle-bed
eactors with a volatile liquid phase.

The first question that arises here is what diffusion theory should
e used: independent (Fick) or multicomponent. In a strict sense,
he usage of independent diffusion (Fick) approach is valid only for
he following two cases [4,5]:

1. All binary diffusion coefficients are nearly equal, Dij ≈ D = const
(e.g. binary mixture).

. The mixture is dilute, having a sufficiently low content of the
transferred component.
Both cases correspond to the experimental conditions at which
ost empirical mass transfer correlations have been obtained.

he Chilton–Colburn analogy for the heat and mass transfer also
olds only for these cases. In the gas-phase (de)hydrogenation
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of hydrocarbons, physical properties (e.g. binary diffusion coeffi-
cients) of hydrogen and two other heavy components may differ by
more than one order of magnitude. Moreover, despite small molar
fractions of heavy reagent (hydrocarbon) in a mixture with light
reagent (hydrogen), the diffusion friction among a pair of hydrocar-
bons (reagent and product) can be very significant. Consequently,
multicomponent diffusion approach based on the Maxwell–Stefan
equations should be employed [5,6].

Furthermore, an important issue is the estimation of the aver-
age (effective) film thickness related to the external mass transfer.
Conventional empirical correlations (at forced convection) define
this thickness as hD = d/Sh(Re, Sc), Sc = �/D, where single coeffi-
cient D reflects the physical property of the mixture. But the
Maxwell–Stefan equations include a set of binary coefficients
Dij. One of the first solutions of this hurdle was given by the
linearized theory of multicomponent diffusion [7,8]. The applica-
tion of this theory requires difficult and time-consuming matrix
algebra operations and so far is rarely used for reactor model-
ing, e.g. [2]. Essentially simplified approach based directly on the
Maxwell–Stefan equations was suggested in [6,10] and recom-
mended for engineering purposes.

Other simplified multicomponent approaches that are based

on application of an effective diffusion concept are considered in
[5]. For heterogeneously catalyzed reactions, the effective diffusion
coefficients (called sometimes pseudo-binary) inevitably depend
on the reaction stoichiometry and consequently have no physical
sense. Strictly speaking, such “diffusion coefficients” are incompat-

http://www.sciencedirect.com/science/journal/13858947
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Nomenclature

AF Ackermann correction factor
a = �/(Cb�) coefficient of gas mixture thermal conductivity

(m2/s)
Cb specific molar heat capacity of a gas mixture

(J/(mol K))
D0 pseudo-binary diffusion coefficient (m2/s)
Dij binary diffusion coefficient (i, j = A, B, H) (m2/s)
d pellet diameter (m)
hd = d/Sh diffusion film effective thickness (m)
hh = d/Nu thermal film effective thickness (m)
�J, −→

J′ vector of ordinary and linearly transformed molar
fluxes (via diffusion) (mol/(m2 s))

Ji molar flux (via diffusion) of gas components (i = A,
B, H) (mol/(m2 s))

KR equilibrium constant for reversible reaction (N/m2)
L length of the fixed-bed reactor (m)
� coordinate across the external diffusion film (m)
mi molecular mass of gas components (i = A, B, H)

(kg/mol)
Ni total flux of gas component (i = A, B, H) across the

external diffusion film (mol/(m2 s))
Ntot total flux of gas mixture across the external diffusion

film (mol/(m2 s))
N molar flux of gas mixture in the axial direction of a

fixed-bed reactor (mol/(m2 s))
n stoichiometric coefficient
P pressure (N/m2)
Q heat of reaction (J/mol)
R ideal gas constant (8.31 J/(mol K))
r volumetric apparent reaction rate in a fixed-bed

reactor (mol/(m3(bed) s))
S specific geometric surface of a bed (m−1)
T temperature (K or C)
[T] matrix, composed by eigenvectors
�t1, �t2 eigenvectors
u gas linear velocity in a fixed-bed reactor (m/s)
W pellet surface apparent reaction rate (mol/(m2 s))
�x, �x′ vector of ordinary and linearly transformed mole

fractions
XAMS AMS conversion
x mole fraction of transport-limiting component
xi mole fraction of a component (i = A, B, H) in gas mix-

ture
x̃i reference mole fraction of component (i = A, B, H)

inside the film
yAb = (xAb/(xAb + xBb)) mole fraction of A in vapor mixture of

A and B (after excluding H2)
z axial coordinate in a fixed-bed reactor (m)
z′ dimensionless axial coordinate in a fixed-bed reac-

tor

Dimensionless groups
Le = a/D0 Lewis number
Nu Nusselt number
Pr = v/a Prandtl number
Re Reynolds number
Sc = v/D Schmidt number
Sh Sherwood number

Greek letters
˛ heat transfer coefficient (W/(m2 K))

ˇ mass transfer coefficient for limiting component in
binary or diluted mixture (m/s)

ˇij binary mass transfer coefficients for gas mixture
components (i, j = A, B, H) (m/s)

� heat conductivity coefficient of gas mixture
(W/(m K))

�i heat conductivity coefficient of gas mixture compo-
nents (i = A, B, H) (W/(m K))

� kinematic viscosity of gas mixture (m2/s)
� = P/RTb molar density of gas mixture (mol/m3)
� heat transfer rate factor
�T = (Ts − Tb) bulk (gas)-catalyst pellet temperature rise (dif-

ference)
�Tad adiabatic temperature rise

Subscripts and superscripts
A heavy reagent (hydrocarbon: AMS or 1-octene)
B heavy product (hydrocarbon: cumene or n-octane)
b bulk (gas flow)
eq equivalent
exp experimental value
H light reagent (hydrogen)
in inlet

out outlet
s catalyst pellet surface

ible with conventional interphase mass transfer correlations based
on Chilton–Colburn analogy.

From time to time, different researchers continue to suggest
simplified approaches to multicomponent mass transfer, see e.g.
[11,12], by taking into account a specificity of a particular problem.
Our earlier paper [13] has suggested the original pseudo-binary
treatment of multicomponent mass transfer for a gas-phase hydro-
genation of heavy hydrocarbons, and this approach was successfully
tested by the temperature measurements during benzene vapor
hydrogenation on a single catalyst pellet Pt/Al2O3. The same
approach was successfully applied to modeling of critical phenom-
ena (ignition, extinction, hysteresis) for �-methylstyrene (AMS)
hydrogenation on a partially wetted catalyst pellet [3]. However,
the suggested approach was not yet confirmed by theoretical back-
ground.

The aim of this paper is to provide a more rigorous theoretical
consideration of the pseudo-binary approach within a film model
and to compare it with general multicomponent approaches. All
theoretical approaches are tested with the previously reported in
[1] experimental data on temperature measurements in the single-
pellet reactor for AMS and 1-octene hydrogenation and the new
experimental data in a fixed-bed reactor (AMS vapor hydrogena-
tion) under external transfer control.

2. Experimental

The following reactions were used:

• hydrogenation of AMS to cumene: C9H10 + H2 = C9H12;
• hydrogenation of 1-octene to n-octane: C8H16 + H2 = C8H18.

2.1. Single-pellet reactor experiments
The details of the experimental setup and procedures are given
in [1]. A catalyst pellet (5 mm height and diameter cylinder 3.5%
Pd/�Al2O3 or 15% Pt/�Al2O3) was fixed on a sufficiently rigid ther-
mocouple that was inserted at the pellet center through the finely
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rilled channel. This original installation enables to measure the
olid temperature accurately without the influence of the ther-
al boundary layer. The temperature of the gas flow (hydrocarbon

apor and hydrogen) was measured by the second thermocouple
hat was placed at 3 mm up-flow from the pellet surface. The tem-
erature difference between the gas bulk and the pellet (so-called
gas-pellet temperature rise”) was measured as a function of the
eynolds number, gas flow temperature and vapor fraction in a
ixture with hydrogen.

.2. Fixed-bed reactor experiments

The setup included a quartz tube reactor with internal diameter
.5 mm, a system for supplying liquid AMS and hydrogen into reac-
or, a liquid AMS vaporizer, a vapor-hydrogen mixer, a condenser
f vapors at the outlet, a chromatographic system for analyzing the
oncentrations of AMS and cumene in the condensed liquid. The
eactor was packed with catalyst 3.5% Pd/�Al2O3 (spherical parti-
les with the average diameter 2–3 mm) with two different catalyst
ed heights 12 and 20 mm. Hydrogen was fed with a constant flow
ate 25 cm3/s; liquid AMS was fed into vaporizer with three differ-
nt flow rates 32, 45 and 64 mg/s. Hydrogen mixed with the AMS
apor was heated to the inlet temperature 140 ◦C (which was kept
onstant) and fed to the reactor inlet. At the reactor outlet the vapor-
zed mixture of AMS and produced cumene was condensed and
nalyzed chromatographically, and by this way the AMS conversion
as determined (52–71%).

. Theory

In this study we consider the reaction of the gas-phase hydro-
arbon hydrogenation (n > 0) or dehydrogenation (n < 0) according
o scheme:

+ nH2 = B, (1)

here A is a (de)hydrogenated hydrocarbon, B is a reaction product,
nd n is the stoichiometric coefficient for hydrogen. The one-
imensional Maxwell–Stefan equations [4,5] for a ternary ideal gas
ixture (A, B, H2) take the form:

dxA

d�
= xANH − xHNA

DAH
+ xANB − xBNA

DAB
= xAJH − xHJA

DAH
+ xAJB − xBJA

DAB
,

(2)

dxB

d�
= xBNH − xHNB

DBH
+ xBNA − xANB

DAB
= xBJH − xHJB

DBH
+ xBJA − xAJB

DAB
,

(3)

dxH

d�
= xHNA − xANH

DAH
+ xHNB − xBNH

DBH
= xHJA − xAJH

DAH
+ xHJB − xBJH

DBH

(4)

Stoichiometry relations for fluxes and expression for summary
ux in our case are

B = −NA, NH = nNA, Ntot = NA + NB + NH = NH. (5)

Below three different approaches, which are based on Eqs.
2)–(4), will be exploited for modeling of external mass transfer for
heterogeneous gas-phase reaction of Eq. (1) type. The field of our
nterest will be restricted here by forced convection with so-called
low fluxes”, i.e. no “high flux” mass transfer correction factors will
e considered. As it was pointed out in [7], the case of “low fluxes” is
losely approximated in many engineering situations, and most of
he published studies of binary forced convection are for this case.
eering Journal 154 (2009) 120–130

3.1. Simplified general approach of Krishna [6,10]

After taking two independent Maxwell–Stefan equations for dif-
fusion fluxes Eqs. (2) and (4) and making the following formal
substitutions:

• concentration gradients dxi/d� are replaced by concentration dif-
ferences �xi = xis − xib;

• binary diffusion coefficients Dij are replaced by binary mass trans-
fer coefficients ˇij;

• the variable value of mole fraction xi across the diffusion film is
replaced by constant referenced value x̃i (alternatives for choos-
ing x̃i will be discussed below)

one can easily get:

��xA = x̃AJH − x̃HJA
ˇAH

+ x̃AJB − x̃BJA
ˇAB

, (6)

��xH = x̃HJA − x̃AJH
ˇAH

+ x̃HJB − x̃BJH
ˇBH

. (7)

Assuming ˇAH = ˇBH and using the properties of diffusion fluxes
and molar fractions:

JB = −(JA + JH), x̃B = 1 − x̃A − x̃H,

Terms JB and xB can be excluded from Eqs. (6) and (7), and the fol-
lowing expressions for diffusion fluxes depending on concentration
differences are derived:

JH = −�ˇAH�xH, (8)

JA = −�ˇK

(
�xA + x̃A

(
1 − ˇAH

ˇAB

)
�xH

)
. (9)

where

ˇK =
(

x̃H

ˇAH
+ 1 − x̃H

ˇAB

)−1

.

The addition of the convective fluxes to Eqs. (8) and (9) yields
the following expressions for the total fluxes:

NH = JH + x̃HNtot = −�ˇAH�xH + x̃H(NA + NB + NH), (10)

NA = JA + x̃ANtot = −�ˇK

(
�xA + x̃A

(
1 − ˇAH

ˇAB

)
�xH

)

+ x̃A(NA + NB + NH). (11)

Strictly speaking, x̃i (i = A, H) in Eqs. (9)–(11) should correspond
to mixture composition averaged along the film thickness, whereas
the limiting values of x̃i are xib (bulk gas, known value) and xis (near
surface, unknown value). We assume x̃i = xib (for all approaches
considered here and below) following the recommendation [6] that
such algorithm simplification is sufficient for the most chemical
engineering purposes. Mass transfer coefficients ˇij in Eqs. (8)–(11)
are defined using traditional empirical correlation for mass transfer
from spherical particle [14]:

ShAH = 2 + 0.6Re0.5Sc0.33
AH , ScAH = �

DAH
, ˇAH = ShAHDAH

d
,

� ShABDAB
(12)
ShAB = 2 + 0.6Re0.5Sc0.33
AB , ScAB =

DAB
, ˇAB =

d
.

Employing the stoichiometry and the summation relations from
Eq. (5), the total fluxes NA, NH from Eqs. (10) and (11) are reduced
to the following:
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if component A is a transport-limiting component (�xA = xAs −
Ab, xAs = 0):

A = �ˇK xAb

1 + nxAb[ˇK (1 − xHb)((1/ˇAB) − (1/ˇAH)) − 1]
, (13)

here

K =
(

xHb

ˇAH
+ 1 − xHb

ˇAB

)−1
,

nd if H2 is a transport-limiting component (�xH = xHs −
Hb, xHs = 0):

H = �ˇAHxHb

1 − xHb
. (14)

.2. General approach based on linearization method, proposed
y Stewart, Prober and Toor in [7–9]

Two independent Maxwell–Stefan equations for diffusion
uxes, Eqs. (2) and (4), can be written in the matrix form:

�
d�x
d�

= −[R]�J; �x =
(

xA

xH

)
; �J =

(
JA
JH

)
;

[R] =

⎡
⎣

1
D0

x̃A

(
1

DAB
− 1

DAH

)
0

1
DAH

⎤
⎦ (15)

here

0 =
(

x̃H

DAH
+ 1 − x̃H

DAB

)−1

. (16)

Two eigenvalues of the inverse matrix [R]−1 are D0 and DAH. Two
orresponding eigenvectors �t1 and �t2 define the linear substitution
f variables

1 =
(

1
0

)
, �t2 =

(
−x̃A

1 − x̃H

)
, (17)

� = [T][ �x′], �J = [T][ �J ′], [T] =
[

1 −x̃A

0 1 − x̃H

]
. (18)

Matrix Eq. (15) is transformed to a diagonal form after substitu-
ion (17) and (18):

�′ = −�[D]
d �x′

d�
, [D] =

[
D0 0
0 DAH

]
. (19)

After formal application of the empirical binary mass transfer
orrelations (12) to Eq. (19) the latter ones are transformed as fol-
ows:

�J ′ = −�[B]( �x′
s − �x′

b), [B] =
[

ˇ0 0
ˇ0 ˇAH

]
, ˇ0 = D0Sh(D0)

d
,

ˇAH = DAHSh(DAH)
d

. (20)

Then we can go back from transformed to ordinary diffusion
uxes in vector form:⎡ ⎤

= [T]−1 �J ′, [T]−1 = ⎣ 1

x̃A

1 − x̃H

0
1

1 − x̃H

⎦ (21)

r in scalar form

H = �ˇAH(xHb − xHs), (21.1)
eering Journal 154 (2009) 120–130 123

JA = �ˇAH

[
ˇ0

ˇAH
(xAb − xAs) −

(
1 − ˇ0

ˇAH

)
x̃A

1 − x̃H
(xHb − xHs)

]
.

(21.2)

After adding of convective terms in Eqs. (21.1) and (21.2) the
following expressions for total fluxes are got:

NH = �ˇAH(xHb − xHs) + x̃H(NA + NB + NH), (22)

NA = �ˇAH

[
ˇ0

ˇAH
(xAb − xAs) −

(
1 − ˇ0

ˇAH

)
x̃A

1 − x̃H
(xHb − xHs)

]

+ x̃A(NA + NB + NH). (23)

We again assume here (as in Section 3.1) that the reference con-
centrations in Eq. (16), (22) and (23) are taken from the bulk x̃i = xib.
Then the stoichiometry relations (5) and Eqs. (22) and (23) enable
to get direct expressions for total fluxes NA, NH:

if A is a transport-limiting component (xAs = 0)

NA = �ˇ0xAb

1 − nxAb(ˇ0/ˇAH)
, (24)

if H2 is a transport-limiting component (xHs = 0)

NH = �ˇAH
xHb

1 − xHb
. (25)

3.3. Pseudo-binary approach based on film model analytical
solution approximation (valid only for reactions A + nH2 = B)

Earlier attempts to treat the Maxwell–Stefan equations analyt-
ically usually led to complex expressions that were too difficult to
use [15]. Our aim was to derive an approximate analytical solu-
tion for the (de)hydrogenation reaction considering a practically
important case DAB � DAH ≈ DBH in the framework of film model for
gas–solid transfer. Here we restrict our consideration to the case
of sufficiently large Sh numbers (in our experiments Sh > 10), and,
therefore, an averaged film thickness (hD = d/Sh) is small in com-
parison with a catalyst pellet diameter d. So, planar film may be
considered instead of spherical one. Our film model is based on the
independent Maxwell–Stefan Eqs. (2) and (4):

�
dxA

d�
= xANH − xHNA

DAH
+ xANB − xBNA

DAB
, 0 ≤ � ≤ hd, (26)

�
dxH

d�
= xHNA − xANH

DAH
+ xHNB − xBNH

DBH
. (27)

If the stoichiometry relations, Eq. (5), and DAH = DBH are applied,
then Eqs. (26) and (27) are transformed to the dimensionless form

dxH

d�
= −nf (1 − xH), 0 ≤ � ≤ 1, (28)

dxA

d�
= nfxA − f [1 + F(1 − xH)], (29)

where

F = DAH

DAB
− 1; f = NAhd

DAH�
; � = �

hd
; (30)
at � = 0 (bulk) : xH = xHb; xA = xAb. (31)

The analytical solution of Eq. (28) with the boundary value xHb
(31) is easily got:

xH(�) = 1 − (1 − xHb) exp(nf�), (31.1)
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hen, after substitution of the above expression in Eq. (29), we get:

dxA

d�
= nfxA − f [1 + F(1 − xHb) exp(nf�)]. (31.2)

The analytical solution of the above equation with the initial
alue xAb (31) appears as

A(�) = {n[xAb − fF(1 − xHb)�] − [1 − exp(−nf�)]} exp(nf�)
n

. (31.3)

Now one can readily get the values of molar fractions for both
eactants at � = 1 (near the catalyst surface):

Hs = xH(1) = 1 − (1 − xHb) exp(nf ), (32)

As = xA(1) = {n[xAb − fF(1 − xHb)] − [1 − exp(−nf )]} exp(nf )
n

. (33)

Here we assume a case of complete external transport control
f apparent reaction rate by hydrocarbon A and so xAs = 0, and Eq.
33) transforms into a transcendent equation with one variable f:

[xAb − fF(1 − xHb)] = 1 − exp(−nf ). (34)

The qualitative consideration of the monotonic behavior of the
eft part (decreasing) and the right part (increasing) of Eq. (34)

ith respect to unknown f leads to the conclusion that the unique
olution f always exists for arbitrary parameters n, F > 0, 0 < xAb < 1,
< xHb < 1. Moreover, the solution f satisfies the following inequal-

ty:

< f <
xAb

F(1 − xHb)
= xAb

F(xAb + xBb)
<

1
F

.

Here we again take into account that for hydrogenation (dehy-
rogenation) mixtures the condition DAH 
 DAB is valid and, so,
ccording to Eq. (30), F 
 1. At the same time, the absolute value
f n is not large for most practically interesting reactions (usually,

n| ≤ 3, in our case n = 1). Thus, the argument of the exponential
unction in Eq. (34) may be regarded as sufficiently small

n|f <
|n|
F

� 1 (35)

nd the linear approximation of the exponential term in Eq. (34) is
ustified

xp(−nf ) ≈ 1 − nf.

After that, the resulting linear equation can be easily solved and
he approximate analytic solution of Eq. (34) may be derived

= xAb

1 + F(1 − xHb)
. (36)

Substitution of the values f, F from relations (30) into Eq. (36)
nables to express the molar flux of A in the conventional form:

A = �
D0

hd
xAb = �ˇ0xAb, (37)

0 = D0Sh(D0)
d

, D0 =
(

xHb

DAH
+ 1 − xHb

DAB

)−1
. (38)

The value D0 (38) is exactly the same as in Eq. (16), and it repre-
ents a pseudo-binary analog of the effective diffusion coefficient
n the case when A (hydrocarbon) is a transport-limiting reactant.
s it will be shown below, the opposite case of a transport-limiting

eactant H2 is only feasible for extremely small hydrogen bulk con-
entrations and, therefore, D0 is valid for the whole experimental
ange of bulk mixture compositions. If nevertheless H2 is transport

imiting, its flux is defined in the same manner as for two previous
eneral approaches (Eq. (14) or (25)).

It is worthy to note, that the considered pseudo-binary approach
iven by Eqs. (37) and (38) should be used without addition of
onvective term or any correction factor as well.
eering Journal 154 (2009) 120–130

The approximation error for the considered pseudo-binary
approach can be derived by the estimation of the neglected tail
of the exponential series∣∣∣∣NA − N∗

A

NA

∣∣∣∣ <
|n|
2F

, (39)

where NA is the approximate solution, given by Eqs. (37) and (38);
N∗

A is the exact solution of film model boundary problem, Eqs.
(28)–(31).

Eq. (32) enables to get the asymptotic estimation (for |n| ≤ F) for
variation of hydrogen molar fraction across the film:

xHb − xHs

1 − xHb
≈ |n|

F
� 1. (40)

From estimation (40) it follows that in case DAB � DAH (or F 
 1)
this variation is small enough, that is, hydrogen fraction across
the film is nearly constant. This conclusion seems very impor-
tant, because physical properties of the H2–hydrocarbons mixture
strongly depend on the hydrogen fraction. Thus, the use of tradi-
tional empirical correlations for gas–solid transfer (which, as a rule,
are derived under constant physical properties of fluid) gets the
theoretical background.

Furthermore, the developed approach enables to derive the cri-
terion of a so-called diffusion stoichiometry, that is, a point where
the transport-limiting component (A or H2 in our case) changes.
Diffusion stoichiometry (under complete external transport control
of reaction rate) assumes the zero concentrations for both compo-
nents (AMS and H2) on the surface. Insertion xAs = 0, xHs = 0 into Eqs.
(32) and (33) and taking into account Eq. (36) (the mathematical
details of the derivation are omitted here) gives the approximate
conditions for the diffusion stoichiometry:

xAb ≈ (F − 1 − nyAb)yAb

F
, (41)

xHb ≈ 1 + nyAb

F
,

where

yAb = xAb

1 − xHb
= xAb

xAb + xBb
= const.

Finally, it is useful to apply the obtained analytical estimations
for our reaction systems.

For AMS hydrogenation (T = 473 K, DAB = 5.0 × 10−6 m2/s,
DAH = 7.5 × 10−5 m2/s): n = 1, F ≈ 14, n/F ≈ 0.071 � 1,

• variation of hydrogen molar fraction across the film does not
exceed 7%;

• approximation error (Eq. (39)) is practically negligible n/(2F) < 4%;
• hydrogen bulk mole fraction for diffusion stoichiometry point (Eq.

(41) at yAb = 1) is xHb ≈ 14%.

For 1-octene hydrogenation (T = 473 K, DAB = 4.0 × 10−6 m2/s,
DAH = 6.9 × 10−5 m2/s) the estimations are very similar to AMS. So,
the use of the suggested pseudo-binary external mass transfer
approach for the considered reaction systems is justified.

3.4. Gas-pellet heat transfer coefficient

Heat transfer coefficient ˛ is found from correlation similar to
Eq. (12):
˛ = Nu�

d
AF , Nu = 2 + 0.6Re0.5Pr0.33, (42)

AF = �

exp(�) − 1
, � = NACA + NHCH + NBCB

˛
. (43)
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the complete control of reaction rate by the external transport has
been got by varying the gas bulk temperature within the inter-
val 120–210◦C (Fig. 1) and gas flow rate Re = 30–500 (Fig. 2): the
experimental values of the gas-pellet temperature rise remained
A.B. Shigarov, V.A. Kirillov / Chemica

The Ackermann correction factor AF (together with heat transfer
ate factor �) reflects the influence of finite mass fluxes on the heat
ransfer coefficient. Numerical estimations of the values AF and �
ave shown that

�| < 0.02, |AF − 1| < 0.01,

.e. the Ackermann correction factor can be neglected in our case
F ≈ 1. Heat conductivity of a mixture (H2 + hydrocarbons) is cal-
ulated using the special empirical method from [16]:

= b�max + (1 − b)�min, b = 0.32(1 − xHb) + 0.8xHb,

max = �A(1 − xHb) + �HxHb, �min =
[

xHb

�H
+ (1 − xHb)

�A

]−1

.

.5. Calculation of the bulk-surface temperature rise

For all the considered above approaches the bulk-surface tem-
erature rise is calculated as

T = Ts − Tb = WQ

˛
,

here reaction rate W is defined by the molar flux of the transport-
imiting component:

= NA (if nNA < NH), W = NH (if nNA > NH).

Molar fluxes NA and NH are calculated from Eqs. (13) and (14),
24), (37) and (38). The point of diffusion stoichiometry is defined
y condition nNA = NH.

In the case of noticeable reversibility of hydrogenation reac-
ion the developed pseudo-binary approach (Section 3.3) enables
o apply the straightforward modification, taking reversibility into
ccount unlike two general approaches (Sections 3.1 and 3.2). Under
onditions of thermodynamic equilibrium the near surface concen-
ration of A may be nonzero. Then the bulk-surface temperature rise
hould be calculated as

T = Ts − Tb = �ˇ0(xAb − xAs)Q
˛

. (44.1)

Thermodynamic equilibrium on the catalyst surface assumes the
elation:

AsxHs = KR(Ts)
P

xBs. (44.2)

The pseudo-binary approach justifies negligible H2 variation
cross the external film, Eq. (40), and the reaction stoichiometry
Eqs. (1) and (5)) get the equivalence (with the opposite sign) of A
nd B mole fluxes:

Hs = xHb, (45.1)

A = ˇ�(xAb − xAs) = ˇ�(xBs − xBb) = −NB. (45.2)

After insertion of Eq. (45.1) into Eq. (44.2) and reduction of Eq.
45.2) to the form

Ab + xBb = xAs + xBs = 1 − xHb, (45.3)

he following system of two linear equations with unknown xAs, xBs

s obtained

AsxHb = KR(Ts)
P

xBs, (46.1)
As + xBs = 1 − xHb. (46.2)

The only one solution of the system (46.1) and (46.2) is needed:

As = KR(Ts)(1 − xHb)
[PxHb + KR(Ts)]

. (47)
Fig. 1. Impact of a gas flow temperature on the experimentally measured bulk-pellet
temperature rise during AMS hydrogenation.

And finally, after substitution of Eq. (47) into Eq. (44.1) the
transcendent equation for the unknown temperature Ts and the
corresponding �T is got:

�T = Ts − Tb =
(

�ˇ0xAbQ

˛

){
1 − KR(Ts)(1 − xHb)

xAb[PxHb + KR(Ts)]

}
. (48)

4. Results

4.1. Experimental evidence for the external transport control of
reaction rate

Large gas-pellet experimental temperature rises (100–200 ◦C)
both for AMS and 1-octene hydrogenation, lead to the suggestion
that the reaction rate is controlled by the external transport. This
is supported by the fact that the temperature rises measured for
3.5% Pd/�Al2O3 and 15% Pt/�Al2O3 pellets are almost equal (with
all other conditions being unchanged). Additional confirmation for
Fig. 2. Impact of Re number on the experimentally measured bulk-pellet tempera-
ture rise during AMS hydrogenation.
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Fig. 3. Comparison of the experimentally measured bulk-pellet temperature rise
(symbols) during AMS (a) and 1-octene (b) hydrogenation with the results of cal-
culation by different external mass transfer approaches: (1) binary (Fick) approach
26 A.B. Shigarov, V.A. Kirillov / Chemica

ractically constant under these variations. The slight increase of
he experimental curves �T(Re) in Fig. 2 in the region of low Re
alues may be explained by the increase ratio of thermal/diffusion
lm thicknesses (assuming empirical correlations from Eqs. (12)
nd (42)):

T(Re)∼ˇ(Re)
˛(Re)

∼hh(Re)
hd(Re)

≈ Sh(Re)
Nu(Re)

= 2 + 0.6Re0.5Sc0.33

2 + 0.6Re0.5Pr0.33
. (49)

Under condition Sc/Pr = a/D∗ = Le > 1; hh = d/Nu; hd =
/Sh, the right part of Eq. (49) can increase from unity (at Re = 0) to
he larger values together with increasing Re number. In the region
f large Re numbers the ratio of thermal/diffusion film thicknesses
ecomes independent on Re (where Sh 
 2, Nu 
 2):

hh

hd
≈

(
Sc

Pr

)0.33

= Le0.33, (50)

ogether with the gas-pellet temperature rise �T(Re), which
pproaches its upper limit

T = Le−0.67Qxb

Cb
.

.2. Comparison of the different external mass transfer
pproaches

Fig. 3(a) and (b) compares the experimental and calculated val-
es of the gas-pellet temperature rise under AMS and 1-octene
ydrogenation as a function of hydrocarbon vapor fraction. The
sage of conventional (Fick) approach, which is based on the binary
iffusion coefficient DAH, results in extremely large values of the
emperature rise as compared to the experimental data. In the con-
idered case (DAH/DAB > 10) the binary approach is valid only for
ery small molar hydrocarbon fractions (less than 0.03) and corre-
ponding small temperature rises 10–30 ◦C. Three other methods
ased on multicomponent diffusion theory, give close results with
he maximum deviation from the experimental data of about 20%.
his value seems not bad, if one takes into account that all gen-
ral methods for diffusion coefficients calculation usually have the
ame confidence interval [16]. Only for the highest value of AMS
nd 1-octene molar fraction xAb = 0.6 a marked difference between
he experimental points and theoretical curves is observed. The fol-
owing additional experiments and calculations have been done in
rder to clarify this effect.

.3. The possible impact of side and reverse reactions: AMS + H2

In the course of additional experiments with AMS (Fig. 4(a)) it
as found that the values of temperature rise shown in Fig. 3(a) can
e reached only if a fresh or regenerated catalyst pellet was used.
he measured temperature rise slowly faded (symbols in Fig. 4(a)).
he lower values were not dependent on the bulk temperature and
e number as well as the initial higher ones. So the influence of
he kinetic factors may be ruled out. The most likely explanation is
MS self-olygomerization that blocked essential (but limited) part
f the catalyst pellet external surface. Meanwhile the remaining
ctive part of the pellet surface continued to operate under external
ransfer control. This process of blocking evidently has no influ-
nce on the gas–solid heat transfer and, thus, the temperature rise
ecreases owing to decreasing heat source.

Calculations (by pseudo-binary method) that take into account
eversibility of AMS hydrogenation reaction show, that thermo-

ynamic equilibrium is unable to explain the divergence of the
pper right experimental point in Fig. 4(a). Meanwhile, account-

ng for reaction reversibility decreases the theoretical temperature
ise in the high temperature region (near the point of diffusion sto-
chiometry SD). Diffusion stoichiometry condition for both variants
with DAH; (2) simplified general multicomponent approach [6,9], Eq. (13); (3) general
multicomponent approach, based on linearization [7,8], Eq. (24); (4) pseudo-binary
approach for reactions A + nH2 = B (this work), Eqs. (37) and (38).

corresponds to high excess of vapor xAb ≈ 0.85–0.90 which is in good
accordance with theory, Eq. (41). So, hydrogen may theoretically
become the limiting transport component only for its very small
bulk concentration xHb ≈ 0.10–0.15, which was not reached in our
experiments. The point of ordinary stoichiometry S0 (xAb = 0.5) is
placed far left from diffusion stoichiometry point. Therefore, the
region (xAb > 0.65) is theoretically predicted and experimentally
confirmed (the last symbol on the right in Fig. 4(a)), where the
gas-surface temperature rise exceeds its adiabatic value.

4.4. Diluted mixture: AMS + cumene + H2

A few experiments were made with a mixture of AMS and
cumene vapors (AMS:cumene = 1:2). The expected decrease of
the gas-pellet temperature rise in Fig. 4(b) (in comparison with
undiluted AMS in Fig. 4(a)) is accompanied by the same type of
divergence between the experimental data and the theoretical
curve. This divergence occurs for sufficiently high bulk vapor frac-
tion (xAb + xBb) > 0.5. Reaction reversibility does not play significant

role in this case because the pellet temperature is lower then that
of undiluted AMS. Therefore, the impact of possible side reaction
(AMS olygomerization) remains the most appropriate explanation
for the observed discrepancy.
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Fig. 4. Comparison of the experimentally measured bulk-pellet temperature rise
(symbols) with the calculations during hydrogenation: (a) AMS, (b) mixture (33%
AMS + 67% cumene), (c) 1-octene. Adiabatic temperature rise (dashed line): (1)
hydrocarbon-limiting branch, (2) hydrogen-limiting branch; S0: point of ordinary
stoichiometry. Results of calculation by the pseudo-binary approach: (3) hydro-
carbon external transfer-limiting branch, (4) hydrogen external transfer-limiting
branch, (5) reverse reaction is neglected; SD: point of diffusion stoichiometry.
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4.5. Bulk gas composition: octene + H2

Comparison of the experimental and calculated data for 1-
octene hydrogenation in Fig. 4(c) reveals better correspondence
than that of AMS. The incompatibility between the theoretical
curve and the experimental point at xAb = 0.6 in Fig. 3(b) vanishes
in Fig. 4(c), when we take into account the reaction reversibility.
The point of diffusion stoichiometry and the values of theoretical
temperature rise for 1-octene are practically identical to respective
values in the AMS case. Excellent correspondence of the experi-
ment and theory for 1-octene may be provided by the absence of
noticeable side reactions.

4.6. Analysis of external mass transfer (AMS hydrogenation in a
fixed-bed reactor)

The experimental data on vaporized AMS hydrogenation in a
fixed-bed reactor (2–3 mm spherical catalytic pellets 3.5% Pd/�-
Al2O3) is analyzed by means of analytical solution of simple
mathematical model of a plug-flow reactor. Nevertheless, change
of reacting mixture volume is found essential and is taken into
account. The basic assumption is that hydrogenation occurs under
control of AMS vapor external mass transfer. The pseudo-binary
diffusion coefficient (Eq. (38)) is used.

A plug-flow reactor model includes two material balance equa-
tions for AMS vapor and mixture:

d

dz
(NxA) = N

dxA

dz
+ xA

dN

dz
= −r, 0 ≤ z ≤ L, (51)

dN

dz
= −r, (52)

xA(0) = xin
A ; N(0) = Nin.

After insertion of Eq. (52) in Eq. (51) and introducing dimension-
less axial coordinate z′ = z/L we get

dxA

dz′ = − rL

N
(1 − xA), 0 ≤ z′ ≤ L, (53)

xA(0) = xin
A .

The apparent reaction rate under complete external transfer
control is first order on AMS vapor

r = ˇS�xA. (54)

Then, Eq. (53) is reformed via Eq. (54) to the following non-linear
problem

dxA

dz′ = −kxA(1 − xA), 0 ≤ z′ ≤ L, (55)

xA(0) = xin
A ,

where

k = ˇS�L

N
= ˇSL

u
. (56)

Generally speaking, coefficient k in Eq. (56) undergoes variation
along the reactor length (owing to variation of ˇ and u). Neverthe-
less, estimations made under experimental conditions have shown
that this variation does not exceed 3–5%:

k ≈ const.
After that, the analytical solution of Eqs. (5) and (6) can be
derived:

xout
A = A exp(−k)

1 + A exp(−k)
, (57)
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Fig. 5. Comparison of the experimental data on AMS hydrogenation under external
mass transfer control in a fixed-bed reactor (circles—L = 12 mm; squares—L = 20 mm)
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ith gas–solid transport correlations from Ref. [17]: (1) Aerov and Todes, Eq. (61);
2) McCounachie and Thodos, Eq. (62); (3) Bradshaw and Bennet, Eq. (63). The exper-
mental data is transformed into logarithmic coordinates (Reeq–Sh/Sc0.33) by means
f the pseudo-binary diffusion coefficient Eq. (38).

here

= xin
A

1 − xin
A

.

Eq. (57) may be inverted so as to express k through inlet and
utlet fractions of AMS vapor:

= ln

(
xin

A (1 − xout
A )

xout
A (1 − xin

A )

)
. (58)

Therefore, the algorithm of transforming the values of AMS
xperimental conversion XAMS to Sh number is the following:

1. Mole fractions of AMS vapor at the outlet are restored:

xout
A = 1 − XAMS

(1/xin
A ) − XAMS

. (59)

. The value of k is calculated via Eq. (58).

. Mass transfer coefficient ˇ is calculated by Eq. (56) from known
k.

. The pseudo-binary diffusion coefficient is calculated through Eq.
(38) with xHb = xin

H .
. Experimentally based Sh and Sc numbers are calculated

h = ˇdeq

D0
, Sc = �

D0
. (60)

After all, the experimental data was plotted in logarithmic
oordinates (Sh/Sc0.33–Re) in Fig. 5. The following three empirical
as–solid mass transport correlations for a fixed bed of spherical
articles from literature [17] were also plotted in Fig. 5 and com-
ared with the experimental data:

M.E. Aerov and O.M. Todes:

Sh/Sc0.33 = 0.395Re0.64
eq , (61)

I.T. McCounachie and G. Thodos:

Sh/Sc0.33 = 0.468Reeq
, (62)
1.18Re0.41
eq − 1.52

R.D. Bradshaw and C.O. Bennet:

Sh/Sc0.33 = 0.201Re0.707
eq . (63)
Fig. 6. The impact of hydrocarbon mole fraction on the pseudo-binary diffusion
coefficient and the inverse Lewis number (AMS hydrogenation data at T = 473 K).

The correlations (61)–(63) are based on the equivalent values of
Re and interstitial channel diameter:

Reeq = Gdeq

ε

, deq = 4ε

S
, S = 6(1 − ε)

d
. (64)

The agreement between all three correlations and the experi-
mental data may be considered as good, especially if one takes into
account that a confidence interval for such empirical correlations
usually expands over 15% up and down.

The noticeable shift down for the experimental data with the
larger height of catalyst bed (20 mm instead of 12 mm) may be
explained in the following way. The increased AMS conversion
under near adiabatic conditions (67–71% instead of 52–60% for
shorter bed) results in the increased catalyst temperature at the
outlet which leads to the increased impact of side reaction (AMS
olygomerization) considered earlier in Section 4.3. In any way,
the experimental Sh/Sc0.33 dependence on Re number with power
0.6–0.7 definitely indicates on complete external mass transfer con-
trol of AMS hydrogenation rate, and the pseudo-binary approach
successfully predicts the observed tendency.

5. Discussion

5.1. The physical sense of the pseudo-binary approach for
reactions of hydrogenation (or dehydrogenation) A + nH2 = B

Contrary to the independent (Fick) diffusion treatment,
under the pseudo-binary approach the value of effective diffu-
sion coefficient and the Lewis number are both strongly bulk
composition-dependent (Fig. 6). The inverse Lewis number is signif-
icantly smaller than unity. Therefore the adiabatic temperature rise
�Tad exceeds the bulk-pellet temperature rise �T (under the exter-
nal transport control) in the left parts of Fig. 4(a)–(c) in accordance
with the equations:

�T = Le−0.67Qxb

Cb
= Le−0.67�Tad, (65)

Le = �

Cb�D
, �Tad = Qxb

Cb
. (66)

From a formal point of view, the pseudo-binary approach is
equivalent to consideration of hydrogen as inert component in

reacting mixture (because of its comparatively high diffusivity).
The physical properties of hydrocarbon reactant A are usually
similar to hydrocarbon product B. Therefore, multicomponent dif-
fusion of components A and B in ternary mixture with hydrogen
is well approximated by pseudo-binary diffusion of A and B with
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he effective coefficient D0 (Eq. (38)), this coefficient depends on
he hydrogen fraction. As a relative variation of hydrogen fraction
cross the film is small, this coefficient remains nearly constant
cross the film. Another important feature of the coefficient D0 is
hat it reflects intrinsic physical property of mixture, if condition
AH = DBH 
 DAB takes place. Actually, in this case light molecules
f hydrogen do not influence directly the mutual diffusion of heavy
olecules A and B. The variation of hydrogen partial pressure influ-

nces exclusively on the vapor partial pressure of hydrocarbons and
y this way changes implicitly the value of the diffusion coefficient:

xH

DAH
� 1 − xH

DAB
, D0 ≈ DAB

1 − xH
= DAB

(
P

P − PH

)
. (67)

.2. Generalization of the pseudo-binary approach on a case of
everal reactions or inert components

Formal consideration of hydrogen as inert enables to get expres-
ion for effective diffusion coefficient D0 more easily and directly
rom Maxwell–Stefan Eqs. (2)–(4), if we take into account that
B = −NA, n = 0, NH = 0. Using this idea, one may generalize the
seudo-binary approach on a case of several simultaneous reac-
ions of hydrogenation (or dehydrogenation) in a complex mixture
f hydrocarbons:

i + niH2 = Bi, i = 1, 2, . . . , M.

Maxwell–Stefan equations for (2M + 1)-component mixture
4,5] are taken as a starting point:

dxi

d�
=

∑
j /= i

Njxi − Nixj

Dij
. (68)

Inert but sufficiently heavy components Ck (k = 1, 2, . . ., K) are
lso admitted to be present in the mixture. If physical properties
f each pair (Ai, Bi) are close and all hydrocarbon molecules are
ufficiently heavy in comparison with hydrogen, then the following
onditions are valid:

DAiH ≈ DBiH 
 DAiBi
, DAiH ≈ DBiH 
 DAiCk

, k = 1, 2, . . . , K;
DAiAj

≈DBiAj
≈DAiBj

≈ DBiBj
, i = 1, 2, . . . , M, j = 1, 2, . . . , M, i /= j.
(69)

Substitution ni = 0, NH = 0, NAi
= −NBi

into the Maxwell–Stefan
q. (68) and taking into account Eq. (69) leads to the following
xpression for the effective diffusion coefficient D0i

(for transport-

ig. 7. Comparison of the experimentally measured bulk-pellet temperature rise
symbols) during AMS + 1-octene equimolar (1:1) mixture hydrogenation with the
esults of calculation by the pseudo-binary approach, generalized for several reac-
ions Ai + niH2 = Bi , i = 1, 2, . . ., with the effective diffusion coefficients for AMS and
-octene D01 , D02 given by Eq. (70).
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limiting component Ai):

1
D0i

= xHb

DAiH
+

xAib
+ xBib

DAiBi

+
M∑

j=1,j /= i

xAjb
+ xBjb

DAiAj

+
K∑

k=1

xCk

DAiCk

. (70)

In order to verify the generalized Eq. (70), the additional experi-
mental data from [1] was used, i.e. the bulk-pellet temperature rise
measurements in a single-pellet reactor during hydrogenation of
AMS with 1-octene equimolar mixture of vapors. Calculations were
again based on the assumption that both simultaneous reactions
are controlled by the external mass transfer of AMS and 1-octene
vapors. The corresponding diffusion coefficients D01 , D02 were cal-
culated by the pseudo-binary approach with Eq. (70). The result of
comparison is given in Fig. 7 and seems good. Of course, the addi-
tional experimental verification with different mixtures would be
useful in future.

6. Conclusions

Several gas–solid interfacial mass transfer theoretical
approaches were employed to analyze the experimental data
on catalytic hydrogenation �-methylstyrene and 1-octene under
external transfer control. The binary diffusion (Fick) approach
fails to describe the obtained data even in a qualitative sense.
Two general approaches to multicomponent mass transfer and
the developed pseudo-binary method were successfully applied
to analyze these experiments. All three methods give rather close
results, with maximum deviation from experimental data and
from each other less than 20%.

For hydrogenation (or dehydrogenation) of vaporized hydro-
carbons the pseudo-binary approach is recommended. It does not
require cumbersome matrix operations in comparison with general
multicomponent methods and does not require any correction fac-
tors. This advantage may become especially significant for complex
mixtures of hydrocarbons and/or several reactions. The developed
here pseudo-binary approach is grounded on the approximate ana-
lytical solution of the film model. The obtained solution enables to
get the rigorous conditions of applicability for our pseudo-binary
approach to reactions A + nH2 = B, to estimate hydrogen variation
across the film, to find out the point of diffusion stoichiometry, to
take into account the reaction reversibility in a simple way. All these
details could hardly be accessible by means of general multicom-
ponent approaches.

The resulting pseudo-binary diffusion coefficient (unlike usual
pseudo-binary treatment) does not depend on stoichiometric
coefficients and has clear physical meaning. Thus the usage of tra-
ditional empirical correlations for interphase transfer (which are
derived from independent diffusion or heat exchange experimen-
tal data) gets the solid theoretical background. Also the convenience
of usage of a variety of traditional criteria, which incorporate into
itself diffusion coefficient, may play not the last role in preferring
the pseudo-binary approach for hydrogenation (dehydrogenation)
of vaporized hydrocarbons under external transfer control.
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